
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading académie journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of académie journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and préserves this content for future générations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



Réduction of ^ A{1 + tx 2 ){i + nx 2 ) to V(i-^-J<?y 2 ) by the 

Substitution x 2 = , , ,f 8 • 

Br H. P. Manning. 

This gives 

(ba' — Va) ydy 

VA(a + by 2 )(a' + Vy 2 )[{ma + a') + y 2 (mi + è')] [(««+ a') + 2/ 2 p + &')] ' 

In order that this may assume the desired forai one of the factors under the 

radical must reduce to a constant and another to y 2 , and the remaining factors, 

after division by a constant, must become 1 — Wy 2 and 1 — y 2 . Therefore the 

four fractions 

b V <mb + V rib + V 

a ' a' ' ma + a' ' na-\-al ' 

are to assume in some order the values 

0, oo, —Tê, — 1, 

whose anharmonic ratio is T&, and since the anharmonic ratio of the four fractions 

is — , we hâve W = — or some other of the six values derived from this in the 
m m 

usual way. 

(This is évident in another way, for the transformation is the same as 
transforming xy (x + my)(x + ny) into xy (x — k*y)(% — y) by a homographie 
transformation which does not al ter the anharmonic ratio.) 

W must be positive and less than unity ; hence 

1. If m. <C n <" or <C n <" m , we must hâve le = — or — — — ; 

m m 

2. If n <m<0 or 0<m<w, " " W-— or n ~ m ; 

n n 

S.lfm<0<ïiorn<0<m, " " ¥ = — — — or n 



m — n n — m 
24 
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But as we may always take m numerically greater than n when both hâve the 
same sign, and positive when they hâve différent signs, ail forms will be included 
in the following four cases : 

1. m<»<0 or 0<B<m, W = — ; 

O << <( (( 7,2 — - m n • 



3. n < < m , M 

4. " , ¥ — 



m 
m 



m — n 

n 
n — m' 



To thèse correspond [12 3 4], [1324], [1342], [1432], each in four ways, 
the position of the figures indicating the order in which the four fractions above 
assume the values 

0, CD, —V, — 1, 

and corresponding to thèse four values we shall get under the radical the four 
factors j ; ^ x _ h y ; x _ ^ 

and the quotient of those two whose position corresponds to the position of 1 
and 2 in the brackets, multiplied by a constant factor, say p, will give the 
substitution for œ a employed in the case in question. "We can then assume the 
form of the substitution in each case, assign a suitable value to y 2 , and détermine 
the value of p quite simply. 

For example, in the case [1 3 2 4] we can Write 

a 1 

and then putting y 2 = we get p = -y = , since ma -f- a' = 0, therefore 

the substitution hère is ce 2 = t-. r^r^\ • 

m(l — Wy % ) 

M is the déterminant (ba') or say (12), divided by the square root of A 
into the numerator which we obtain by reducing our four fractions to a 
common denominator and adding them. But as one of the four fractions is to 
become o° by the vanishing of its denominator, this factor will be simply the 
numerator of that fraction multiplied by the other three denominators. 
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Now if we write thèse four fractions 

Qi h_ h_ hi_ 

a l ' a 2 ' a 3 a i 

in the order in which they are to assume the values 

0, oc, — ^, —l, 



then jy— / (Mi)(fra°«) 

^ Aqajb^a^ ' 

where (&i«a)(&3 a 4) = Ç (* 2 ) a - 

But {\ a %) = — a A 



and (&s a é) == ^3^4 



¥ — 1 
1 1 



= a3a 4 (l — ¥), 



•. Jf =N / 



-(!-*») 



Now the six déterminants formed by taking the terms of any pair of frac- 
tions are connected as follows : 

(12 ) = (13 ) = (h) = - ea = _ m = jzl . 

v / \ / \ / m n m — n 

Hence q will always hâve, except perhaps as to sign, one of the three values 

— m, — n, m — n. 

Moreover, the four différent arrangements which give the same anharmonic 
ratio préserve the same pairs, and in each pair the same order, or in both pairs 
the order is reversed, so that the product will still hâve the same sign. There- 
fore the value of q as well as of ¥, and consequently the value of M, is the same 
for ail the four substitutions that come under any one case. 

The sign of M, that is, the sign of the radical, can be most easily deter- 
mined by examining the substitution itself to see what sign it would hâve on 
differentiating. I will give the sign in each case in the table. 

We hâve for our four cases : 

n 1 

1. [1 2 3 4] , Tê = — , q = m — n, .: M= , ; 

2. [1324], X* = ^=^, q=-n , M= 1 



m ' * ' */mA 

3. [13 4 2], ¥ = —^—, q = n , M = 



m — n' * ' V(m — n)A' 

n 1 



4. [14 3 2], ¥— , q — m. , M— . . 

1 J ' n — m' * ' V— (m — n) A 
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The second case is applicable both when m, n, and A are ail négative and 
when they are ail positive, and it will be more convenient to make five cases 
instead of four. 

1. in, n négative, A positive. 
II. m, n, A négative. 

III. m, n, A positive. 

IV. m, A positive, n négative. 
V. m positive, n, A négative; 

We can now make a table of ail the forms available, and it will be conve- 
nient to put A = ± 1 and.give the signs of m and n explicitly, so that m and n 
in this table are to be considered positive. 

[Those marked with a * are those which Cayley gives. He gives thèse five 
cases in the order, taken from Legendre, IV, V, III, I, IL] 



I. (1 — mx 2 )(l — nx 2 ),m'>n 

m x 2 zz 

sign of M 


[1334] 

1 
ny 2 


[3143] 

*y 2 
m 

+ 


[3412] 

1— k 2 y 2 
n(l~y 2 ) 

+ 


[4321] 

1-y 2 
m(l—Jc 2 y 2 ) 


II. — (1 — mx 2 )(l — nx 2 ), w>w 


[1334] 


[3413] 

1 — h 2 y 2 
n 


[3142] 

y 2 


[4231] 

l-y 2 
ny 2 

+ 


m X 2 — 
sign of M 


m(l — k 2 y 2 ) 

+ 


m(l—y 2 ) 


III. (1 + OT* 2 )('1 + M!B 2 ), m>W 

7,s m — n 


[1324] 
1 


[2413] 
1 — k 2 y 2 


[3142] 
* y 2 


[4231] 

l-y 2 
ny' 2 


* ~ m 

M ~Vm 

sign of M 


m {l — k 2 y 2 ) 


n 
+ 


m{l — y 2 ) 

+ 


IV. (l + m« 2 )(l — nx 2 ) 
7r 9. m 


[1343] 
1 


[2431] 

*l—y 2 
n 


[3124] 

* y 2 


[4313] 

(m+»)(l— k 2 y 2 ) 
mny 2 

+ 


m + n 

1 X 2 ZZ 


m(l — y 2 ) 


{m + n)(l — k 2 y 2 ) 
+ 


M — , j 

sign of M 


V. —(l+mx 2 ){l — nx 2 ) 
h ,. n 


[1433] 

* 1 


[2341] 

1-2/ 2 
m 

+ 


[4133] 
V 2 


[3314] 

(m + w)(l — k 2 y 2 ) 
mny 2 


'" ~m + n 

X 2 ZZ 

M- 1 


n{l-y 2 ) 
+ 


(m + n){\ — k 2 y 2 ) 


M — , 1 

vm + w 

sign of M 



